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Abstract

This in-depth study looks at symmetric four-point Newton-Cotes-type inequalities
with a focus on error estimates for numerical integration. The precision of these
estimates is explored across various classes of functions, including those with
bounded variation, bounded derivatives, Lipschitzian derivatives, convex derivatives,
and others. The research synthesizes and extends existing knowledge, providing a
nuanced understanding of how error bounds depend on the characteristics of
integrated functions. Through a systematic review of seminal works, the study
contributes to the practical application of numerical integration techniques, offering
insight for researchers and practitioners to make informed choices based on the
specific features of the functions involved.
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1 Introduction

Numerical integration techniques, particularly Newton—Cotes quadrature rules, have
long been established as indispensable tools for approximating definite integrals. While
these methods are well-known for their simplicity and ease of implementation, a crucial
aspect of their utility lies in the ability to provide accurate estimates of the associated er-
rors.

The precision of these estimates, of course, hinges on the nature of the functions be-
ing integrated. Understanding the dependence of error bounds on the characteristics of
the integrated function is paramount to ensuring the reliability of numerical results. In
this context, extensive research has been conducted to obtain error estimates tailored
to various classes of functions. For bounded functions [2, 19], Lipschitzian functions
[9, 10, 12, 20, 27, 29], functions of bounded variation [8, 11, 14—16, 28], convex functions
(5,21, 23-26, 31], among others.
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Several seminal works have paved the way in this direction, offering invaluable contri-
butions to the field of numerical analysis. These efforts have not only enhanced our the-
oretical understanding, but have also provided practitioners with practical guidelines for
selecting the most suitable numerical integration techniques based on the nature of the
functions involved.

In [14], Dragomir established the following result related to companion of Ostrowski-
type inequalities for functions of bounded variations

’391+az

02
f@+fei+er—®) _ 1 1 z —x‘ 92
2 02-01 /f(u)du = <4 * eaon M (f)’
01

01

where x € [Ql, Q“QZ]

52
The Simpson-type inequality for functions of bounded variations was provided in [8] as
follows:

02
%(f(Ql)""Lf(Ql;gz)-"f(QZ))_ingl/f(u)du =< %i(f)
01

Moreover, Alomari [3] provided the Simpson second formula inequality for the same
class of functions as follows:

02
L(Fen+3f (252) +3f (222) +f (02) - 545 ff(u) aul < £ (7).

o1
Alomari et al. provided a companion of Ostrowski’s inequalities for differentiable convex
functions in [5] as follow:

02

1 /f(u)du

f@+fle1+09-%) _
2 02-01
o1

<o (5 =0’ ([f (0| + | (@2)])
+(Je-e0’+ 3 (2 -2)°) (I @] + ' @ + 02 -))).

Moreover, Kashuri et al. [23] established the Simpson-type inequalities via convexity:

02
s (Flen+4f (232) +f () - 5o ff () du

01

=551 (81 (v + 291" (#52) [ + 8" (@2)])-

Furthermore, the authors in [26] gave the Simpson second formula for the same class of
functions

02
Lo var (252) v (2592) of (o) - 5k [f

01

ol (#52)))).

<2z (157 (If (o0 + |f (@0)]) + 443 ([f (2252)
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In this paper, we investigate a symmetric bi-parametric formula involving four points.
We commence by introducing a novel identity related to the aforementioned formula,
from which we establish numerous inequalities for functions whose first derivative be-
longs to various classes, such as bounded variation, Lipschitzian, convex, among others.
The obtained results represent a generalization and extension of several previous works,
opening up new avenues for further research in this direction.

2 Preliminaries
Definition 2.1 ([21]) Consider a partition P : 01 = & < & < -+ < &, = 0y of the interval
[01,02], and define Af(&;) =f(&is1) —f(&:). A function f(x) is considered of bounded vari-

n
ation if the sum )_Af(&;) is bounded for all such partitions.

i=1
Definition 2.2 ([21]) Consider a function f defined on the interval [0, 03] with bounded
variation. Let P([g1,02]) represent the family of partitions of [0;,02], and Y_ (P) denote

the sum > ‘Af (f;‘,»)| corresponding to the partition P of [g;, 02]. The total variation of f
i=1

on [01,02], denoted as ¥ (f), is given by ¥ (f) =Y (P) with P € P([01, 02]).
o1 o1

Lemma 2.3 ([6]) Consider functions g,f : [01,02] = R, where g is continuous on [01, 02]
and f has bounded variation on [01, 0>]. Then, the integral féiz g(0) df (t) exists and satisfies
the inequality

02

fg(t)df(t) < sup \g(t)!ZVT(f). (2.1)

tele1,02]
01

Lemma 2.4 ([6]) Consider functions g,f : [01,02] — R, where g is Riemann integrable on
[o1,02], and f is an L-Lipschitzian function. Then, the following inequality holds:

02
/ 2O df(®)
o

1

<L / “ lg(®)| dt. (2.2)
Q1

3 Main results
Let us commence by introducing the following integral identity, which will serve as a pri-
mary tool in establishing our results.

Lemma 3.1 Consider a function f : I C R — R that is differentiable on the interior I°,
where 01,07 € I° with 01 < 02. Assume that the derivative f' is integrable on the interval
[01,02], denoted as f'*[01, 02]. Then, the following equality holds for any real number X in
the interval [0, 1] and any x in the interval [o;, %]:

Q2 02
. 1 _ 1
O lovmeaif) - oty [fwdu= b [Kenar o), (31)
01 01
where
Qi (01,% 02:f) =2220Uf (gy) + 2R eUeLrr i f (o (3.2)
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2(1-M(x-01)+01+02-2% _ Ax—01)
+ 2(02-01) f(Ql + 02 x) + 02-01 f(Q2)

and

t_Ql_)"(x_Ql) l.f te[erx]r
K@tx)=1t- % if telx01+02—-x], (3.3)
t-—02tri(x-01) if teloi+o2-%02]

Proof Clearly, t — o1 —A(x—01), t— % and £ — 0, + A (x — 01) are continuous on [01,x],
[%,01 + 02 —x] and [01 + 02 — %, 02], respectively, and f is of bounded variation, then all the
Riemann-Stieltjes integrals exist.

Using the integration by parts formula for Riemann-Stieltjes integral, we conclude

02 x 01+t02—%
/K(t,x)df(t)=/(t—el—x(x—g1>>df(t>+ / (¢ - @222) g 1)
o1 o1 x

02
+ / (t—-02+X1(x—01))df ()

01+t02—%
= (t-01-A@—o)f O+ (t- 252) f (], ™
Q2
-0t A o) O], [f (0
Q1

=@x-01-A(x—-01)f () -(01—-01-A(x—-01))f (01)
+(o1+02—x—L2)f(01+ 02— %) — (x— Z52) f (x)
+(02—02+ A (x—01))f (02)

02

—(91+Qz—x—Qz+/\(x—Q1))f(Q1+Qz—x)—/f(u)du

01

=k (=01 f (01) + 2EEAFAIES (x)

2(1-1)(x-01)+01+02-2%
+ 5 f

(01 +02—%) + A (x—01)f (02)

02
- /f (u) du. (3.4)
o1

Multiplying both sides of (3.4) by ﬁ, we get the result. The proof is completed. O

Theorem 3.2 Let f : [01,02] = R be a mapping of bounded variation. Then we have

02
) 1 (3x—QD1-2A|+0p—x+](2+]1-2A]) (x—01)—(02—%)| 2
QA (erx’ Qer) 02-01 /f (I/l) du < 4(02-01) g{ (f) )
01

where ) €[0,1], x € [01, 232 | and Q;, (01,%, 02:f) is defined as (3.2).
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Proof Taking the absolute value in (3.1) and using (2.1), we get

02
Q.. (Ql,xygz;f) - 92}91 /f(u) du
01

Q1+Q2—%

f(t—gl—ux—gn)df(zm / (t—9522)df (1)
Q

X

—02-01

02
f (t—02+A(x—01)df (@)

01+02—%
1 o1 Qz —x
=g | sup lt—o1—Ax—o01)l V (f)+ sup |t-952| ()
telo1,x] telo1,01+02—x]

telo1+02-x,02] Q1+er—x

+ sup |t—-Q2 + X(x-—'Q1)| V' (f)>

(ma"{(l 1) =00,k (x=eD} v (1) + (252 -2) "V (1)

QZ Ql x

Fmax{(1-4) (r-en,A(x-en} v (f))

+02—%

Q1+02—x

1 max {(x o) 1+|1 21| 91592 —x} |:\x/ (f) +Q1+\¢;z—x (f) L3 (f):|

—02-01 _
xe[glym;gz] 01 X 01+02—%

-t (-0 BT () (52 -0 M () oo 252G (1)

1 1+|1 2M o1+02 }92
max X — —xtV
<gtm omaxfer-on : )
vefor213e2]

_ x=01D)[1-2A|+03—x+|(2+]1-2)]) (x—01)—(02-%)| 92 (f)
4(02-01)

The proof is completed. O

Remark 3.3 Theorem 3.2 will be reduced to
+ Theorem 4 from [14], if we take A =0,
« Corollary 1 from [14], if we take x = 0;.

Corollary 3.4 In Theorem 3.2, if we take x = 91522, we get the following parametrized three-
point type inequalities

01

02
4 (@0 + (1= (552) + 3 (00 - ity [ < 2024 ).

01

Remark 3.5 Corollary 3.4 will be reduced to
« Theorem 2.1 from [11], if we take A = 0,

+ Theorem 2.1 from [8], if we take A = 1,
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+ Theorem 2.1 from [13], if we take A = 1.
+ Corollary 3 (item 3) from [3], if we take A = %

Corollary 3.6 In Theorem 3.2, if we take x = 291%, we get the following parametrized

four-point type inequalities

Q2
i (o) + 32 (25 ) 327 (952 ) 4 3 oo - ik, [

Q1

< Lol & (f)

- 6 g
Remark 3.7 By taking A = 2 1r1 Corollary 3.6, we retrieve Corollary 3 from [3].

Corollary 3.8 In Corollary 3.6, if we take ) = 80, we get the following corrected Simpson

second formula inequality

02
35 (137 (o) + 277 (22522 ) w27 (252) 4 13 ) - 5k [

o1
PR
= 240 , V (f)-
Theorem 3.9 Letf :[01,02] — R be an L-Lipschitzian mapping on [01,0>]. Then we have

(]

Q. (be,Qz;f) oo /f(u) du

01

L ((xz+(1—)\) ) (- 01)? + (22 —x)2>,

<
— 02701
where 1. € [0,1], x € [01, 252 | and Q;. (01,%, 02:f ) is defined as (3.2).

Proof Using the absolute value in (3.1) and using (2.2), we get

02

Qx (Ql:x7Q2§f) o Ql /f(u)du

Q1

Q1+02—%

P
592591 /|t—Q1—}»(X—Q1)|dt+ / ’t_%hit
o1 i
Q2
o [ t-eene-anar
01+02—%
o1+A(x—01) .
"o / (01 +A(x—01)—t)dt + f (t—01—-A(x—01))dt

01 01+A(x—01)
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01+02
2
Q1+02
+ / (432 —t)dt
X
01+02—%
Q1+02
+ f (t—932)dt
e1+e2
2
02—A(x—01) 02
+ / (02 —A(x-01)—-0)dt + / (t-02+A(x-01))dt
01+02—% 02-A(x—01)

2

s (AZ (x-01)>+ (1 -2)*(x—01)" + (232 - x)

+ (452 —x)2 + (1= x-01)*+2% (x - 91)2)

= e (24 =02 @- o0+ (252 - 5)°).

This completes the proof. d

Corollary 3.10 In Theorem 3.9, if we take A = 0, we get

02
f@+f(e1+ea—®) _ 1
2 02-01 /f(u) du| <

01

((x o)+ (2 - x)z) ,

L
02-01

which is the same result obtained in inequality (3.10) from [4].

Remark 3.11 Theorem 3.9 will be reduced to

+ Theorem 2.1 from [9], if we take x = o1,
o1

+ Corollary 4 from [29], if we take x =
1. Theorem 2.1 from [12], for A = 0,
2. Theorem 2 from [18], for A = %,
3. Remark 2 from [29], for A = %,
4. Corollary 3.3 from [4], for 1 = 1.

522 Moreover, we retrieve

Corollary 3.12 In Theorem 3.9, if we take x = Zé"%, we get the following parametrized
four-point type inequalities

02
5 (on) + B2 (250 ) ¢ 32y (@202 ) 4 27 (0) - L /f(u) du

01

<20 (1+4(3+(1-2)?%))L.

Remark 3.13 By taking A = % in Corollary 3.12, we retrieve Theorem 2 from [21].
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Corollary 3.14 In Corollary 3.12, if we take A = %, we get

0
8_10 (13f (01) +27f (—29];92> +27f (—9”3292> +13f (Q2)> _ inm /f () du
o1
2401(02-01)
< e L
Theorem 3.15 Let f : [01,02] — R be an absolutely continuous mapping on [01,02]. If
f' € I? 01, 02], then we have

02
Qx (Ql:erZ;f) - ﬁ/f(u) du
01
a1\ 3
< 1 (Z(M+1+(1—A)q+])(x—Ql)q*1+2(91;gz —x) )q |V/|
— 0201 gq+1 p’

where ) € [0,1], x € [01, %32 ], p,q > 1 with 119 + 1 =1 and Q. (01,5 0xf) is defined as

(3.2).

1
q

Proof Using the absolute value in (3.1) and Hoélder’s inequality

02
Qx (Ql:x:Q2§f) - szgl /f(u) du

01
02
1 !
= 92—91/ K (£,%)] V (t)|dt
01
: 1
2 i /@ 1
L 12
= oo / K (¢,x)|? dt / If' ® dt
01 01
X 01+02—%
- q
= oo /'t_Ql_}\(x—Q1)|th+ / |t—%| dt
01 ;
02 ;
o [ eeerre-oora) Irl,
01+t02—%
X
—@zigl /'t—Ql—k(x—Ql)lth
01
1
01+02—% 0 !
+ / |t__91;92|LIdt+ / |t—Q2+)»(x—Q1)|‘1dt ‘V/HP
¥ 01+02—%
01+A(x-01)
_ 1 B Y
T o-a / (01 +A(x—01)—t)dt

01
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x 01+
o1+en a
+ / (t—01-2(x—01)?dt+ / (IT—t) dt
o1+A(x-01) x
o1+op—x
. / (- 22e2) gy
o1ten
2
1
02-A(x-01) 02 q
+ f (02— A (x—01) - t)dt + / (t-er+r@x=o0)dt| [f],
o1+02—x 02-A(x¥—01)
1
o 2(Aq+1+(1—A)q+1)(xfgl)q+1+2(%ﬂfx)q+l a ,
T oo g+1 Hf Hp :
Thus, the proof is completed. d

Remark 3.16 Theorem 3.15 will be reduced to
+ Inequality 5.6 of Corollary 5.2 from [4], if we take A = 0,
+ Inequality 3.9 of Corollary 3.3 from [4], if we take x = ¢;.

Corollary 3.17 In Theorem 3.15, if we take x = 2352, we get the following parametrized

three-point type inequalities

02
@0+ (1-0f (%52) + 3 (00— gt [f s
o1

stespoh (o)

Remark 3.18 Corollary 3.17 will be reduced to
+ Inequality 5.3 of Corollary 5.2 from [4], if we take A =0,
+ Theorem 2.1 from [7] (see also Theorem 3 from [18]), if we take A = %,
+ Inequality 5.4 of Corollary 5.2 from [4], if we take A = 1.

Corollary 3.19 In Corollary 3.17, if we take A = %, we get
02 . f
L(F (@) + 2 (252) + (00) - 52 /f Wy du| < @ ()7 |f] .
o1

Corollary 3.20 In Theorem 3.15, if we take x = 291%, we get the following parametrized

four-point type inequalities

Q2
5 (o) + B2 (252 ) + B2 (922 1 1f (05) - 1 /f(u) du

Q1

1 1
< (@-011? 142941941 0+l (13)a+1 \ 7 Hf/ H
- 6 3(q+1) p’
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Remark 3.21 By taking A = % in Corollary 3.20, we retrieve Corollary 9 from [3].

Corollary 3.22 In Corollary 3.20, if we take A = %, we get

02
35 (137 (o + 277 (22522 ) o 27 (2522) 413 0) - 5k, [ a0

01

1 1
<201 (407143971 44171 \ 4 Hf/ ”
=" 240 120(q+1) I’

Theorem 3.23 Let f : [01,02] — R be an absolutely continuous mapping on [01,02]. If f’
is bounded on [01, 02], then we have

02
Q. (ch, Qz;f) - inm /f(u) du

01

(02 A=) e-e0?+ (252 -2)7) |7

<
— 0201

where ) € [0,1], x € [Ql, nggz] and Q,, (Ql,x, Qz;f) is defined as (3.2).

Proof Using the absolute value in (3.1) and the fact that f” is bounded, we get

02
Qx (Ql:x:92§f) - QZiQI /f(u) du

o1
02
< ks [ IK@lf o) de
o1
)
<#a (tds;gﬂ I <t>l> [ k@i
o1
x
= 92191 /|t‘91 —A(x—o1)ldt
o1
01+02—% 0
o [ e [ oieoe-d] 1.
¥ 01+02—%
e1+i(x-e1) x
=02i91 / (o1 +X(x—01)—-0b)dt + / (t—01—A(x—o01))dt
o o1+A(x-01)
o112
+ / (2te2 _¢)dt
x
01+03—%
Ny
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02-M(x—01) 02
+ f (@2—-A(x—-01)—tydt+ / (t—0y+r(x—odt | |f]
01+02—% 02-A(x-01)

=t Ql( )@(x Ql) + = (1 k) (x— Ql) +1 (1+92 _x)2

(e ) LA -0+ W w—00?) I

= (02 A @-o0?+ (352 -7) Ir],

The proof is completed. O

Remark 3.24 Theorem 3.23 will be reduced to
« Theorem 3 from [3], if we take A =0,
+ Corollary 3.2 from [22], if we take x = 0.

Corollary 3.25 In Theorem 3.23, if we take x = QIEQZ , we get

Q2

@0+ (1-0f (%52) + i (00 - gk [f s

Q1
<(P57) @-en IF ..

Remark 3.26 Corollary 3.25 will be reduced to
« Corollary 4 from [18], if we take A = %,
« Inequality 2.5 of Corollary 1 from [19], if we take A = %,
+ Inequality 2.1 of Remark 1 from [19], if we take A = 1.

Corollary 3.27 In Corollary 3.25, if we take ). = 0, we get

Q2
(¥)_inm/f(u)du si@-ov|fl,

Corollary 3.28 In Theorem 3.23, if we take x = 22522 we get

02

3-2\ 3-2A

i o+ 2 (25 )+ 2 (952 i e - ity [
01

1+4(A2+(1 )?)

<= (om-o)|f ||
Remark 3.29 In Corollary 3.28, if we take A = %, we get Corollary 6 from [3].

Corollary 3.30 In Corollary 3.28, if we take A = 80, we get

02
5 (137 (o + 27 (20522) o7 (932) 4 13 00) - 5t [ £ 0

01

< sns00 (@2~ 00 [/ -
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Theorem 3.31 Let f : [01,02] — R be a continuous differentiable on [01,0:]. If f' €
L' [01,02), then we have

Q2

ff(u)du

01

Q. (01,%, 03 f) -

02-01

\1 22| (x=01)+02=x+|(2+]1-24]) (x~01)=(02~%)| ”f’”
4(02-01) 1’

where ) €[0,1], x € [01, 232 | and Q;. (01,%, 02:f) is defined as in (3.2).

Proof Using the absolute value in (3.1) and Holder’s inequality

o
Q. (01,%, 03 f) - inm /f (u) du

02
< Qlf|1<<t Wl |f @] dt
01
x 01+02—%
oo /It—Ql—/\(x—Ql)llf’(t)ldt+ / |t — 2222 |f (1)| dt
01 x
1
02 7
R Al
01+t02—%

01+02—%
1

e max{k(x—gl),(l—k)(x—Ql)}/[f/(t)ldt+(¥—x) / If' (0| dt

0 7
+max {4 (x— 1), (1-4) (x~o1)} / If @] dt
Q1+02—%
<gomax {i(x—01),(1-2) (x-01), 3% ~x}
x o1+t02—x
/[f’(t)!dn / If' ()| dt / If ()| dt
o1 01+t02—%
_ ( 1=2M—0D+02-x+|(2+[1-20D x=01)~(@2-9)| ) || ¢
_( x-01)+02 x4(@2—91) x-01)—(03—% ) 171,
This completes the proof. d

Corollary 3.32 In Theorem 3.31, if we take ) = 0, we get

0
301+02
f@ferer 1 et o sl AN
2 e /f (@) du| = ( 4(02-01) “f ”1

01
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Corollary 3.33 In Theorem 3.31, if we take x = 01, we get

2
ﬂgl)% 02- Ql/f(“)d”< -

o1
Corollary 3.34 In Theorem 3.31, if we take x = 2522, we get

Q2

B @0+ (=007 (252) +3f @) - gy [ < 224 ]

o1
Corollary 3.35 In Corollary 3.34, if we take ). = 0, we get

Q2

(2452) - 5k [ dul <3,

01

Corollary 3.36 In Corollary 3.34, if we take A = %, we get

Q2
)+ @) - g [Fanaul <317,

01

L(f (o) +4f (522

The same result was proven in Corollary 2.2 from [8].
Corollary 3.37 In Corollary 3.34, if we take A = %, we get

Q2
L0+ 2 (52) £ @) - gty [ £l <317,

01

Corollary 3.38 In Corollary 3.34, if we take ). = 1, we get

02
f(m);f(@z) _ ﬁ/f(u)du < % Hf/Hl

01

Corollary 3.39 In Theorem 3.31, if we take x = 291;92 , we get

Q2
5 (o0 + B2 (52 ) ¢ B2f (8222) 4 3 () - 51 ff(u) du

01

< L),

Corollary 3.40 In Corollary 3.39, if we take X = %, we get

Q2
(o3 (52 ) v o (952) e o) - oty [ < 517,

01

Page 13 of 23
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Corollary 3.41 In Corollary 3.39, if we take A 80, we get

02

5 (137 (o + 277 (2052) 7 (932) 4 13 00) - 5t [ £ @0

01

- 240 Hf Hl

Theorem 3.42 Let f : [01,02] — R be a differentiable on [01,0,]. If f' € L' [01,02] and
n <f'(u) < x forall u € [01, 03], then we have

02
(2+1-2?) (-0 ?+( D52
Qs (o1, %, 02:f) - e /f (W) du| < 2(92—@1)( ) (x - »),

01

where ) €[0,1], x € [01, 252 | and Q. (01,%, 02:f) is defined as (3.2).

Proof 1t is easy to show that

02
/K (t,x)dt =0. (3.5)

€1

Let C = %%, from (3.1) and (3.5), we conclude

2 Q2
Q. (evx 02f) = 5 ff(u)du-g | K@xdf @) =51 Ql/[((t x)f (t)dt
Q1 Q1
Q2
=0to / K (&) (f' (1) - C) dt. (3.6)
o1

Taking absolute value on both sides of (3.6) yields

02
Q. (be, Qz;f) - gzigl /f (u) du (3.7)

_QZ 01

/IK(t )| |f @) -C|dt < o alte[glgz]lf @) - C|/|I((t x)| dt.

Q1 Q1

Using (3.7) and the fact that

Q2
/II((t,x)ldtz (A2 +(1=2)?) (x—01)? + (222 —x)° (3.8)
Q1
and
max |f' (1) -C| < %= (3.9)

telo1,02]

Page 14 of 23
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we obtain
02 2
2 2 2, (e1+e2
' ) (A2+(1-0)2)x-01) +(T—x>
Q (ev%exf) - M/f () du) = 2e2-a1) =2,
o1

which is the desired result.

Remark 3.43 Theorem 3.42 will be reduced to
+ Corollary 1 from [2], if we take A = 0,
+ Inequality 2.12 of Corollary 2 from [30], if we take x = ;.

Corollary 3.44 In Theorem 3.42, if we take x = ¥5%%, we get

02-01
01

o
Af (o) + (L= f (2522) + 4f (02) — — /f () du| < ()‘2*'(1_)‘)2)(892—(’1)()(—%)'

Remark 3.45 Corollary 3.44 will be reduced to
+ Inequality 2.11 of Corollary 1 from [30], if we take A =0,
+ Inequality 2.16 of Corollary 4 from [30], if we take A = %,
« Inequality 2.14 of Corollary 3 from [30], if we take A = %,
+ Inequality 2.12 of Corollary 2 from [30], if we take A = 1.

Corollary 3.46 In Theorem 3.42, if we take x = 291%, we get

Q2
5 (o0 + B2 (252 ) + B2y (922 1 1f (05) - 1 /f(u) du

Q1

1+4(A2+(1-1)%)) (02-01)
<oy eren (),

Remark 3.47 In Corollary 3.46, if we take A = %, we get Corollary 4.3 from [1].

Corollary 3.48 In Corollary 3.46, if we take A = %, we get

02
& (137 (00 + 277 (2252 + 27f (222 +13f (02)) - 5.1 /f () du

01

< 2401(02-01)(x=%)
— 57,600 ‘

Theorem 3.49 Letf :[01,0:]1 — R be a differentiable on [01,02]. Iff' € L' [01, 02] and [f”

is convex, then we have

Q2

Q. (01,%, 03 f) - inm /f (u)du
a1

<ot (B2 02 (If (o0 + | (2)))

— 0201
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+ (2 =323 (o 01+ 3 (432 —x) )(Ur @ | +|f" (o1 +Q2—x)i))’

] and Q;, (01,% gz,f) is defined as (3.2).

where A € [0,1],x € [Ql;

Proof From Lemma 3.1, we have

Q2

Q. (01,% 02:f) = 545 /f(u)du
01

02 b

= o /K(t x)df ()| = /K(t,x)f’ (t)dt
01 Q1
02

< QlflK(t Ol |f @) dt
01

X

<ot | [ 1-er-re-anl (21 @] + 21 oo de

01
01+02—%
t
B [ R R = A I
X
(]
+ / |t—Qz+A(x—Q1)|(t (fof_x) If' (02)| + & QZ L [f (Q1+Q2—x)‘)
01+t02—%
01+A(x—01)
1 t—
= L / (@142 =0 -0 (52| @]+ 2L |f (en)] ) de
01

X

o [ amre-a (BB )@l 2 el)ar

01+A(x—01)

[ (e e B ) de

Q1+02—%

—x—t
+ / (t_ nggz) ( 1+QQ 2x lf (Ql +02 _x)’ II:-QQZZ xe V (x)’)
Q1+02
2
02-A(x-01)
+ / (Qz—)»(x—é?l)—t)(t QU |17 (0o)| + 22| (01 + 02 - )| ) dt
01+02-%
02
+ / |t—Q2+)»(x—Q1)|<t (Qfggf—x)lf(gﬂ 2= t[f(91+Q2—x)})

02-A(x-01)
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01+A(x—01)

inm lf/ (Ql)i

01

X

+ / (t—01—A(x—01)) =Ldt

(01 +A(x—01)—t) ZLdt

*=01

X—01
01+A(x—01)
01+A(x-01)
t—,
+|f )] 01+ (x—01)—t) hdt
01
X
_ _ _ t-01
+ / (t—01-A(x=01) 5 dt
01+A(x—01)
glzgz 01+02—%
01+02 01+02—x—t Q1+02) Q1+02—x—t
+ / ( 2 - t) 01+02-2x dt + / (t - 2 ) 01+02—2x dt
x 91592

Q1+02
2

el | [ (#5205t

X

2-A(x—01)
+ / (@ -A(x—01)-0) Zordt+
Q1t+02—x
02-A(x—01)
+|f" (02)] (02— A (x—01)—1)
01+02—%
Q2

x=01

X Q1+02 t—x
dt + / (t - ) 01+02—2x

Q1+02—x

2
Q1+02
2

2

/ (t—92+)»(x—91))§f—;df

02-A(x—01)

t=(01+02—%) dt
x—01

+ / (t= 02+ (x - 1) T2t

02—A(x—01)

st (22 - 002 (If en)] + I (e0)))

. (2_3A6+2x3 (x—01)? + 1 (2t —x)2> ([f' @] +|f (o1 + 02 —x)|)> ’

where we have used
01+A(x—01) 02
x—t _
(01+A(x—01)—t) 7-dt = /
01 02-A(x—01)

X

(t- 02+ (x—0r1)) 20 gy

x-01

=5 (33" = 2%) (@ - 01,

02-A(x-01)

X—01

/ (t—01-A(x—01)) Xtdt =

01+A(x—01)

Q1+Q2—x

(02— A (x = 1) —1) =20y

X=01

=1 1-1*@&-01)’
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01+A(x—01) 02

(01 +x(x=01)—t) Zedt = / (t—02+ 1 (x—01)) Zordt
01 02—A(x—01)
=i (-0,
x 02-A(x—01)
- —t
/ (t-01-A(x=01)) sordt= / (02— t=A(x=01)) Pdt
01+A(x—01) 01+02—%
=1 (2-31+2%) (x-01)?,
Q1t02
2 01+Q2—%
1+02 Q1+02—%—1 _ 01+02 t—
/ ( 2 _t) 01+02-2x dt = / (t_ 2 )Qﬁgzx—Zxdt
x 01+02
=3 (0102 -20)°
and
01+02—% axe
01+02) Q1+02—X—-L g, _ 01+o t—
(¢ #5%) ot = / (45% 1) gt
01+02 x

:ﬁ (01 + 02 —2%)2.

The proof is completed.

Remark 3.50 Theorem 3.42 will be reduced to
» Theorem 5 from [5], if we take A =0,
o Theorem 2.2 from [17], if we take x = 01.

Corollary 3.51 In Theorem 3.49, if we take x = 2522, we get

Q2
3f () + A=1)f (432) + 5 (02) ~ ﬁ/fw) du
01
= ((1=324627 = 20°) (If ()| + |f (@2)]) + (4 - 62+ 42%) [f (4132)])..

Corollary 3.52 In Corollary 3.51, if we take A = 0, we get

02
() 1 /f(u)duS%({f/(gl){ﬁv/(%ﬂ+V/(92)|)'

2 02-01
01

Using the convexity of V’ | we get Theorem 2.2 from [25].
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Remark 3.53 In Corollary 3.51, if we take A = %, we recapture Corollary 2.4 from [23].
Moreover, if we use the convexity of [f’
[31].

, we get the third inequality of Corollary 3.4 from

Corollary 3.54 In Corollary 3.51, if we take A = %, we get

Q2

L(F (o) + 2 (212) 1 £ (gy)) — -1 /f(u)du

02-01
01

5923—291 (V/ (Ql)‘ +2V,(Q1;QZ)| + V-/ (Q2)|)

Using the convexity of Lf’ , we get the first inequality of Corollary 3.4 from [31].

Remark 3.55 By taking A = 1 in Corollary 3.51, we retrieve Corollary 2 from [24].

Corollary 3.56 In Theorem 3.49, if we take x = 291%, we get

Q2
i o+ 27 (2052) 4 52 (252) 2 (0o - by [ £ 0

Q1

<2201 ((4- 122 +242% - 82%) (|f (00| + |f (02)])
s (11 -120827) (|f (2252 |+ 7 (2222) ).

Remark 3.57 By taking A = % in Corollary 3.56, we retrieve Corollary 2.1 from [26].
Corollary 3.58 In Corollary 3.56, if we take A = %, we get

02

5 (137 @+ 277 (2522 ) 277 (232) 4 13 ) - 3 [ s

02-01
o1

ol (#52))).

<o (S5 0 ol + I ) + 83 (| (*252)

4 lllustrative example

In this section, we provide a numerical example along with some graphical representations
to justify the correctness of our results.

Example 4.1 Let us consider the function f defined on the interval [p01,02] = [1,2] by
f(w) = ”72 The derivative of this function, given by f’(x) = u, satisfies the conditions of
most of the theorems established in this study. Indeed, we have:

« f is of bounded variation with v (f) = %, meeting the condition of Theorem 3.2.

« fis 2-Lipschitzian, satisfying tﬁ; condition of Theorem 3.9.

e x=1<f"(u) <2 =y, as required by Theorem 3.42.

. [f’(u)| =y is convex on [1, 2], consistent with Theorem 3.49.

The results related to Theorems 3.2, 3.9, 3.42, and 3.49, corresponding to the function
under consideration, are illustrated in Figs. 1a, 1b, 1c, and 1d, respectively.

Page 19 of 23
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‘_ Left term I Left term
M Rig ht term M Right term
. 1
(a) Validation of Theorem 3.2 (b) Validation of Theorem 3.9
I Left term I | eft term
I Rig ht term M Right term
. 1
(c) Validation of Theorem 3.42 (d) Validation of Theorem 3.49
Figure 1 Visualization of Example 4.1

From these graphical representations, it can be observed that the right-hand sides are
always greater than or equal to the left-hand sides, which confirms the correctness of our

results.

5 Applications

This section provides some applications of the obtained results.

5.1 Application to composite quadrature formula
Let P be the partition of the interval [g;, 02] such that o7 = up < u; <--- < u, = 07, and

consider the following quadrature formula:

/f(u)du: Q(fL,P)+£(f,P),
o1

where
n-1
— Axi—u;) ) 2(1=2) (j—ttj) +uj+tdiy ] =2%; )
Q ()L’f’ P) _Z ui+l_’4if () + 2(ujs1—ui) S @)
i=0
o NGO F (4 1 11y —6,) + S (1),

2(ujr1—u;) Uiy1—U§

with A € [0,1], u; <x; < “5%L, and £ (f , P) denotes the associated approximation error.
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Proposition 1 Let f be as defined in Theorem 3.2, then we have

n-1

£ (. P)| < Z CEAI S AR EACEASCREA) “st ")

Uj
i=0

Proof When we apply Theorem 3.2 to the partition P of subintervals [u;,u;,1] (i =

0,1,...,n— 1), we obtain

Ui+l

Qi (wir %1y wiiif) — 1 /f (w) du

Uiyl Ui

Ui

< Guimt) |12ty i | e 120 (i)~ (a1 =] 057 (f).
- 4(ujp1-u;) u;

We reach the result by multiplying both sides of the aforementioned inequality by
(#is1 — u;), summing the generated inequalities for all i = 0,1,...,n — 1 and applying the

triangular inequality. O

5.2 Application to special means
For arbitrary real numbers ¢, ¢ we have:

The generalized Arithmetic mean: A (01,02) = %.

. . wHl_Ptl \ P
The p-Logarithmic mean: L, (01,02) = (ﬁ) , 01,02 >0, 01 # 02 and p €

R\ {~1,0}.

Proposition 2 Let 01,02 € R with 0 < 01 < 02, then we have

|A (01,03) +3A% (01,02) — 4L} (01,02)| < 2% p,.

Proof This follows from Theorem 3.9 by taking x = 252 and A = i, applied to the function
f (w) = u®. O

5.3 Application to probability
Proposition 3 Consider X a random variable with the probability density function f that
takes values in the finite interval [01,03], i-e., f : [01,02] — [0, 1] with the cumulative dis-

tribution function F (x) =Pr (X <x) = ff (1) du, we have
o1

< (Z40-2)@2-01) (=)
— 8 M

01+0; A _ 02-ElX]
a-nr(es) - a8

Proof Replace f = F in Corollary 3.44 and taking into account that F (01) =0, F(02) = 1

and
02

o o
E[X]= [uf (u)du = 0:F (02) —01F (01) — [F (w)du = 02 — [ F (u) du. O
o1 o1 o1

6 Conclusion
In conclusion, this investigation sheds light on the intricacies of error estimation in the
realm of four-point Newton—Cotes-type inequalities, considering a diverse array of func-
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tion classes. Recognizing the dependence of error bounds on the nature of integrated func-
tions, the study improves the applicability and reliability of numerical integration tech-
niques. The findings not only contribute to the theoretical foundations, but also provide
practical guidance for researchers and practitioners seeking optimal approaches for differ-
ent function types. As numerical integration continues to play a pivotal role in scientific
and engineering applications, the insights gleaned from this research pave the way for

more accurate and informed decision-making in the selection of integration methods.
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