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Refinement of the general form of the two-point
quadrature formulas via convexity

D. C. BENCHETTAH, A. LAKHDARI AND B. MEFTAH

Abstract

In this paper, we look at the general form of the two-point quadrature formulas, which doesn’t have to be
symmetric. Under the convexity constraint of the first derivative, we propose a new scheme that gives the
best approximation of the two-point quadrature rules.
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1. INTRODUCTION

In mathematics and science, integral inequalities provide useful tools for estimating
the behavior of functions and their integrals over specified intervals. They can be
used to derive estimates for the maximum and minimum values of integrals, to
determine the convergence of sequences and series, and to analyze the stability of
solutions to differential equations. They are also useful for solving optimization
problems, where the aim is to find the function that minimizes or maximizes a given
quantity. Integral inequalities have proven to be powerful tools in many areas of
science and engineering, and their continued study and development will likely play
a major role in advancing our understanding of complex problems in these fields.

The study of integral inequalities involves a wide range of mathematical
techniques and approaches including the concept of convexity, which representes a
powerful and natural property of functions that is important in many areas of pure
and applied mathematics. This notion is related to the growth of the theory of
inequalities, which is a key tool for studying the error estimates of numerical
quadrature rules. In the recent few decades, a large number of articles addressing
Newton-Cotes type inequalities through varying sorts of convexity have been
published, see [Budak et al. 2021; Dragomir and Wang 1998; 1997; Hezenci et al.
2021; Igbal et al. 2015; Kirmaci 2004; Lakhdari and Meftah 2022; Latif and

Dragomir 2012] and the references therein.
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This work is focused on two-point Newton-Cotes formulas, examples of which are
provided below.

In [Dragomir and Agarwal 1998], Drogomir and Agarwal look at the closed and
symmetric two-point scheme below and come up with the following estimates based

on the assumption that the first derivatives are convex.
Theorem 1.1. Let f : I C R — R be a differentible mapping on I,a,b € I with a < b.
If | f'| is convex on [a,b), then the following inequality holds:

b
f(b)gf(a) _bia/f(”)d” < bga(lf’(a)|+|f/<b>l)~

Guessab and Schmeisser examine a general closed and symmetric two-point
inequality in [Guessab and Schmeisser 2002] and establish the following estimates

for Lipschitzian functions.

Theorem 1.2. Let f : 1 — R be a function satisfying Lipschitz condition
ie.|f(u) — f(v)| < M|u—v|, then for each x € [a, “5] we have

_ 3a+b)\?
1 (x 4>]M

b
f(x)+f(2a+b—x) 7bia/f(t)dt <(b—a)|¢+2

8 (b-a)

The constant é is optimal in the sense that it cannot be substituted with a smaller

constant.

In this note, we present a new scheme for two-point quadrature rules that provides
the best approximation for the calculation of integrals. This new schema can be

summarized as follows:

b
1 ufx)+Afla+b—x)
b—a[f(u)duN A+u

with x € [a,#) and A, u € R



JAMSI, 19 (2023), No. 1 95

2. PRELIMINARIES

Lemma 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b and
let A, 1L two positive numbers. If f € L'[a,b), then for all x € [a, “%}’) the following
equality holds:

b 1

= —bia/f<u>du=41<x(r>f'<<1—r>a+rb>dz, n
where
(b—a)t ift € 0,224],
K1) = (b—a) (1= 745 ) ifre [=2.02], @
(b—a)(t—1 ift € [2=£,1].

[ o—ar-natmya=3=2r0 - [fas @
0 a

/(b—a) (x-“‘) (1 =t)a+1tb)dr

(A +1) (b—)—p(b—a)

_ Haspx BrWE—a) b

(A+u)(b—a)

1
/(b—a)(t—l)f'((l—t)a—l-tb)dt:gf(a—l-b—x)—bia / 7 (u)du.

Summing (3)-(6), we get the desired result.
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Theorem 2.2. Let f: [a,b] — R be a differentiable mapping on (a,b) with a < b and
let A, i two positive numbers. If | f| is convex, then the following inequality holds:

uf(x)+Af(a+b—x) 1
A+u _b—a./f(u)du

< (b—a) <<; (Z—Z>2+H]> I1f (a)] + (; (z_z)ulh) |f’(b)|> :

where Iy and I, are defined below.

PROOF. Using the absolute value of both sides of the expression (1) and the

convexity of |f’|, we have

uf(x)+Af(a+b—x) 1
A+u _b—a/f(u)du

1

</|Kx(t)||f’((1—t)a+tb)‘dt

0
<t-a)| [0l @] +1]f @) ds
0

t—ﬁ (1=0)| £ (@) +1| £ (b)) dt

x—a
b—a b—a

1
=b-a)||f (a)] /t(l—t)dt+/ t—lf_u‘(l—t)dtqtzf(l—t)zdr

0 ba =
x—a b—x
b—a —a ].
+ | (b)] /tzdt+/ P P / (1—1)tdt
0 X—a l+ i,,
ba ba

~o-a((3(22) n ) irwl+ (3 (522) o) 1),
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where we have used

X

a
—a

>

1
1 /3b—a—2x x—a
t(lt)dt/(lt)tdt6( - )(b_a

o~

),

b—a 1 R ] X u 3
5 _
t°dt = 1—1)"dt =~
/ ( ) 3 (b—a) ’
0 bx
b—x
b—a
le/ B (1—1)dt
A+u
%
A—p 1 (a+b=2x\2\ (a+thb-2x\ :f K x—a
(4(A+u)_ﬁ( ) ) () if g i <ba
- 2&37312u+u3 I at+b—2x\2 ¢ x—a 0 b—x
= 20+u) I+ (“5=7) = <15 < b=a
n=A I (a+b=2x\2\ (atb=2x\ icb—x _ M4
(l+p)+7( ) )( ) if g <
and
b—x
b=a
11, = t— H tdt
J A+u
%
A—p 1 (a+b—2x\2\ (a+b—2x\ :¢ U x—a
(it + s (S552)") () if 2ty < =2
_ ) A=3ap?yop’ A (a+h72x)2 fima o B _ b=x
12(A+p)° 4(A+u) ; b—a b—a > A+u ~ b-a
u—>r 1 (a+b—2x a+b—2x\ :f b—x M
4(7L+/.L)_ﬁ( b—a ))( b—a ) if b—a > A+pu

The proof is completed.

Corollary 2.3. In Theorem 2.2, if we assume that | f' (x

)| < M, then we get

Af(a+b—
BN LT )
2 A—u b—2 o M —
(ﬁ)2 + st (55) if 775 <ba
(A—n) 1 h—2x\2 —a\2 pax— u b—
S(b_a)ij 4(/1+#)2+4( J;; X) —"_(ﬁ) lfﬁ<m<ﬁ
—a\2 b—2 e b— M
(5=5)"+ 2(/1+u) =) i o=a <15
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Corollary 2.4. In Corollary 2.3, if we take x = a, then we obtain

b
uf(@+Af(b) 1 1 1, (A—p)
A+u _b—a./f(u)du <(b-a) <4+4(A+u)2>M

Corollary 2.5. In Theorem 2.2, if we take L = A, then we obtain

b
f)+fla+b—x) 1
2 _b—a/f(”>d“

(x—a)z—&-(#—

2
LB (@l @)

Remark 2.6. The minimum of the above inequality is realized for x = %.

Corollary 2.7. In Theorem 2.2, if we take x = a, then we obtain

246 () 44 (&) 446(5)+2(1
S(b—a)( +l§}(tl)++ﬂ)3(l) ’f’(a)‘ +12(<)Ll)—:_#)(31) |f/(b)’>
A A
g(b—@(”igiggﬁ‘)')M -
X

Likewise, we can write

uf(x)+;}i(;z+b—x)_bia/f(u)du
2 3

coma[ Bl s ) o)
12(1+2) 2(1+2)
3 2

<(b—a) (%) - ﬁ)3+1 M. )
2 1+%)

Remark 2.8.

—The minimum of the estimation (7) is attained when % =247
A

—The minimum of the estimation (8) is attained when = = —2 + /7.

=

Remark 2.9. It should be noted that the best approximation is reached by one of the
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two following schemes
b
7-2 b—
[fw)dm - ”%f’f“* ?
or
b
7-2 b—
Moreover, if we choose x = a, then we obtain the following trapezium schemes
y V7-2 1
dum (b—a) | ~=—=f(a)+ b
[f(u) ux(b-a) (Wlfw) v el >>
or
y 1 V71-2
du = (b— +=—2F(b) |-
[f(u) um(b-a) <ﬁ1f<a> vl ))
3. APPLICATIONS
In this section, we’ll compare the two proposals
7-2 b
R Vi LR
V-1
and
7-2)f(b
P = (p—ay /DT VT2 ()
V7-1
with the classical trapezium scheme
re— o S@S0)
The most suitable scheme is chosen according to the values of f(a) and f (b), on

the other hand, we will treat the two proposed schemes to have a better idea.
b 1
Let f (x) = x> and [a,b] = [0,1]. Clearly [f (x)dx = [x*dx = =0.25,
a 0

_ 1 _ = _1
TC=5=050,TP = 7
So, the best approximation is given by T P;.

~0.697 and TP, = % ~0.3923.

b 4
Let f (x) = x> and [a,b] = [2,4]. Clearly [f (x)dx = [x’dx = 60,
a 2
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TC=72,TP = 2% ~ 84,34 and TP =2

So, the best approximation is given by T P;.

8+(V7-2)64 N

b 2

Let f (x) = 1 and [a,b] = [1,2]. Clearly [f (x)dx = [1dx=1n2~0.6931,
a 1

(V7-2)+0.5 1+(V7-2)05

= 3 = = ~ —
TC=3=075TP = A 0.6951 and TP, = Vo
So, the best approximation is given by TP;.

=~ 0.8048.

4. CONCLUSION

In the classical trapezium rule f(a) and f(b) represent graphically the small and large
base of a rectangular trapezium. In the proposed diagram, the large base will get
smaller and the small base will get bigger, or the opposite will happen. This means
that the angled side makes a small rotation around the point (#, (#)), which is a
fixed point for all angled sides. We end up with several trapezoids, and we can figure

out the area of the one closest to the curve’s surface by multiplying the large base by
2(V7-2)
V-1’
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